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Abstract. In the paper, we obtain a result on the existence and uniqueness of global spherically 
symmetric classical solutions to the compressible isentropic Navier-Stokes equations with vacuum in 
a bounded domain or exterior domain f2 of ]R"(n > 2). Here, the initial data could be large. Besides, 
the regularities of the solutions are better than those obtained in [4l [5] E] . The analysis is based on 
some new mathematical techniques and some new useful energy estimates. This is an extensive work 
of [ll[5l|6], where the global radially symmetric strong solutions, the local classical solutions in 3D 
and the global classical solutions in ID were obtained, respectively. This paper can be viewed as the 
first result on the existence of global classical solutions with large initial data and vacuum in higher 
dimension. 
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1. Introduction. In this paper, we consider the initial-boundary value problem 
of compressible isentropic Navier-Stokes equations in a bounded domain or exterior 
domain n of R"(n > 2): 



pt + V ■ (pu) = 0, p>0, 

{pu)t +y ■{pu(g)u) + VP{p) = plwL +{p + A)V(V • u) + pf , 



(1.1) 



for (x, <) e O X (0, +oo), where 



VL = {x|a < |x| < fe},0 < a < 6 < oo, f(x,t) = /(|x|,t)-^, 

p and u = (ui,U2, • • • denote the density and the velocity respectively; P{p) = 
Kp'^ , for some constants 7 > 1 and iiT > 0, is the pressure function; f is the external 
force; the viscosity coefficients p and A satisfy the natural physical restrictions; /i > 
and 2p + n\> 0. 

We consider the initial condition: 

")|t=o = (^0' "0) inH, (1.2) 

and the boundary condition: 

u(x, t) 0, as |x| -> a or 6, for i > 0, (1.3) 

where 

Po(x) = po(|x|), uo(x) = uodxDr^. 
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We are looking for a spherically symmetric classical solution (p, u): 

p{x,t) = p{r,t), u{x,t) ^ u{r,t)-, 

r 

where r = |x|, and {p,u){r,t) satisfies 

r pu 
pt + [pu)r + m— = 0, p > 0, 

(pu)t + (pu )r + m h Pr ~ VyUr + m — )r + p/, 

r r 
for (r, e (a, 6) x (0, oo), with the initial condition: 

(p(r,t), u(r,t))|j^Q = (po(r), uo(r)) in/, (1.5) 

and the boundary condition: 

ii(r, t) ^ 0, as r a or &, for i > 0, (1-6) 

where m — n — 1, v — 2p + \ > ^^^^p!^p > and / = [a, 6]. 

Let's review some previous work in this direction. When the viscosity coefhcient 
p is constant, the local classical solution of non-isentropic Navier-Stokes equations 
in Holder spaces was obtained by Tani in [2^ with po being positive and essentially 
bounded. Using delicate energy methods in Sobolev spaces, Matsumura and Nishida 
showed in [171 HH] that the existence of the global classical solution provided that the 
initial data was small in some sense and away from vacuum. There are also some 
results about the existence of global strong solution to the Navier-Stokes equations 
with constant viscosity coefficient when po > 0, refer for instance to [I] [TS] for the 
isentropic flow. Jiang in |12j proved the global existence of spherically symmetric 
smooth solutions in Holder spaces to the equations of a viscous polytropic ideal gas 
in the domain exterior to a ball in K" (n = 2 or 3) when po > 0. For general initial 
data, Kawohl in [14] got the global classical solution with po > and the viscosity 
coefficient p = p{p) satisfying 

< A^o < A^(p) < for p > 0, 

where pq and pi are constants. Indeed, such a condition includes the case p{p) =const. 

In the presence of vacuum, Lions in [16] used the weak convergence method to 
show the existence of global weak solution to the Navier-Stokes equations for isentropic 
flow with general initial data and 7 > | in three dimensional space. Later, the 
restriction on 7 was relaxed by Feireisl, et al [9] to 7 > |. Unfortunately, this 
assumption excludes for example the interesting case 7 = 1.4 (air, et al). Jiang 
and Zhang relaxed the condition to 7 > 1 in [13j when they considered the global 
spherically symmetric weak solution. It worths mentioning a result due to Hoff in 
[TT] . who showed the existence of weak solutions for the case 7=1 with po being 
positive and essentially bounded. 

There were few results about strong solution when the initial density may vanish 
until Salvi and Straskraba in fW!, where f2 is a bounded domain, P = P{-) E C^[0, 00), 
Po G H^, Uq S Hq Pi H^, and satisfied the compatibility condition: 

Luo(x) - VF(po)(x) - Vp„g, for g e L^, (1.7) 



where L 



= pA + (p + A)Vdiv is the Lame operator. 
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Afterwards, Cho, Choe and Kim in [31 [21 U established some local and global 
existence results about strong solution in bounded or unbounded domain with initial 
data different from [T^ still satisfying (|1.7I) . Particularly, Choe and Kim in [3] showed 
the radially symmetric strong solution existed globally in time for 7 > 2 in annular 
domain. As it is pointed out in [4 that the results have been proved only for annular 
domain and cannot be extended to a ball fl = Br = {x € R" : |x| < i? < 00}, 
because of a counter-example of Weigant [21]. Precisely, for 1 < 7 < 1 + 
Weigant constructed a radially symmetric strong solution (p, u) in Br x [0,1) such 
that i)||^oo(3^) — >■ 00 as t — >■ 1~. A recent paper [B] written by Fan, Jiang and 
Ni improved the result in [4] to the case 7 > 1. 

The local classical solution was obtained by Cho and Kim in [5] when the initial 
density may vanish and satisfying the following compatibility conditions: 

iuo(x) - VP(po)(x) - po[gi(x) - f(x,0)], (1.8) 

for x G ri, gi G Dq and ^/pogl € L^. Recently, we used some new estimates to get 
a unique globally classical solution p G C^{[0,oo); H^) and u G Hl^^{[0,oo); H^) to 
one dimensional compressible Navier-Stokes equations in a bounded domain when the 
initial density may vanish, cf. . It worths mentioning that Xin in 22 showed that 
the smooth solution (p, u) G C"'^([0, 00); i?'^(M^)) to the Cauchy problem must blow 
up when the initial density is of nontrivial compact support. 

Since the system (|1.4p have the one dimensional feature, the results in [6] are 
possible to be obtained here. Moreover, we get higher regularities of the solutions 
to system (|1.4|) . This causes some new challenges compared with 6 , which will be 
handled by some new estimates. 

This paper can be viewed to be the first result on global classical solutions with 
large initial data and vacuum in higher dimension. 



Notations: 

(1) Qt^Ix [0,T], Qt^TIx [0,T] for T > 0. 

(2) For p > 1, LP ^ LP{fl) denotes the space with the norm || • \\lp. For fc > 1 
and p > 1, W^'P — W^'^'P(r2) denotes the Sobolev space, whose norm is denoted as 

\\-\\w..,-H^ = w^'^{n). 

(3) For an integer fc > and < a < 1, let C^^°'{Vl) denote the Schauder space 
of function on 17, whose fcth order derivative is Holder continuous with exponent a, 
with the norm || • ||cfc+Q. 

(4) For an integer fc > 0, denote 



with the norm 




(5) D^'P = {f G L]^^{SI)\\\SI''v\\lv < 00], = D'^'^ 

(6) Dl = Dg'^ is the closure of C^{Q.) in D^-^. 
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Our main results are stated as follows. 

Theorem 1.1. Assume that po > satisfies po e L^DH'^ , p'^ e H'^ , uq e D^nDl 
and f £ C{[0,co); H^), ft G Lf^^{[0,oo); L'^), and the initial data po, Uq satisfy the 
compatible condition lll.8\) with gi(x) = gi{r)^. Then for any T > 0, there exists a 
unique global classical solution (p, u) to il.l\) - [l73\} satisfying 

(p,p^)eC([0,r];i/2)^ ^>Q^ u£C{[0,T];D'nDl), Ut e L^{[0,T]; D]) n L'{[0,T]; D^). 

Remark 1.1. (i) Note that if fl is bounded and locally Lipschitzian, then D'^'P = 
W'^'P. See [lU] for the proof. 

(ii) By Sobolev embedding theorems, we have 

H^{I)^ C^-^(I), for fc = l,2,3, 

this together with the regularities of (p, u) give 

e C([0,T];Ci+^(/)), C([0,T];C2+5(/)). 

Since (p(x, t), u(x, t)) = {p{r,t),u{r,t)f), we get 

{p,P^) e C{[0,nc'+HTl)), ueC{[0,nc'+iin)), 

which means (p, u) is the classical solution to (|l.ip - (|1.3l) . 

Theorem 1.2. Consider the same assumptions as in Theorem \l.l[ and in addi- 
tion assume that po G H^,Pq G , Vi^/pa) G L°° , ^PoV^gi G i^, PoV^gi G i^, 
uo G { eCi[0,oc);H^)nLl^i[0,oo);H^), it G C([0, oo); iJ^) H £^([0, oo); i?^) 
and itt G ^^^^([0, oo); i^). Then the regularities of the solution obtained in Theorem 
\1.1\ can be improved as follows: 

G C{[0,T];H^), u G L^{[0,T];DI D D') D L\[0,T]; D"^), 
ut G L°-{[0,T];Dl)nL\[0,T];D^), {^W^Ut, pW'ut) G L^{[0,T]; L^). 

The rest of the paper is organized as follows. In Section 2, we prove Theorem ll.il 
In Section 3, we prove Theorem 11.21 bv giving some estimates similar to pi and some 
new estimates, such as Lemma 13.61 Lemma 13.71 and Lemma 13.81 

The constants v and K play no role in the analysis, so we assume v — K — 1 
without loss of generality. 

2. Proof of Theorem 11.11 In this section, we get a unique global classical 
solution to (ll.4l) - (jl.6p with initial density po > 5 > and 6 < oo by some a priori 
estimates globally in time based on the local solution. Moreover, the estimates are 
independent of b and 6. Next, we construct a sequence of approximate solutions to 
(|1.4p - (|1.6p under the assumption po > S > 0. We obtain the global classical solution 
to (|1.4p - (|1.6p for Po > and b < oo after taking the limits 5 — ?> 0. Based on the global 
classical solution for the case of 6 < c», where the estimates are uniform for b, we can 
get the solution in the exterior domain by using similar arguments as in |3]. 

In the section, we denote by "c" the generic constant depending on a, ||pol!ff2, 
||pQ||/f2, Ijuoll^ii, ||uo||£)3, T and some other known constants but independent of d 
and b. 

Before proving Theorem 1 1.1[ we give the following auxiliary theorem. 
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Theorem 2.1. Consider the same assumptions as in Theorem ] 1. 11 and in addi- 
tion assume that Pa > 5 > and b < oo. Then for any T > 0, there exists a unique 
global classical solution {p,u) to ^.4\ l- (T7S\) satisfying 

peC{[0,T];H'{I)), p>^-, uueL\%T]-L\l)), 

u e C([o, T]-H\i) n Hl{i)), ut e C([o, t]-hI{i)) n t]-h^(i)). 

The local solution in Theorem 12. II can be obtained by the successive approximations 
as in [21 [S] , we omit it here for simplicity. The regularities guarantee the uniqueness 
(refer for instance to [21I3])- Based on it, Theorem 12 . 1 1 can be proved by some a priori 
estimates globally in time. 

For T G (0, +oo), let {p,u) be the classical solution of (|1.4p - (|1.6p as in Theorem 
12.11 Then we have the following estimates (cf. [4] and [8]): 

Lemma 2.1. For any <t <T, it holds that 

\\{p,P^)\\H^^+\\{pu{p'')t)\\Hl+ r \\{puAp'')u)\\h < C, p>-, 

Jo C 

and 

I [r pu^ + r u^^ + r + r u ) + [r u^^ + r + r u^„) < c, 

J I JQt 

where || (/ii, /i2)|| x = ll^iillx + ||/i2||x, for some Banach space X, and hi G X, i=l,2. 

Remark 2.1. («) For the estimates about p'^ , since p and p'^ satisfy the linear 
transport equations: pt + u ■ \7p + p\7 • u = and {p^)t + u • V(p''') + jp'^V • u = 
respectively, then by using the similar arguments as that of Lemma 3. 6 in we get 




<c||Vu(.,t)||^. {\\Vp{-Mh^ + \\^{p'){-Mh^) 

+c(||V2G(.,0IIl^ + ||V2(p^)(.,t)|U.) (||VV(-,t)llL^ + ||V2(p^)(,0IU.) 

<c{\\Vp{-Mm + \\^{p'){-Mm + \\G{-Mm). 

where G — vSI ■ w. — p'^ is the effective viscous flux; we have used the estimates 
\\ui;t)\\D. < c, \\u{-,t)\\D2 < c and \\p{-,t)\\Hi < c m^. Since \\G{-Mh^ € 
L^{0,T) given in J^, hence, an application of the Gronwall inequality gives 

\\ip,p'')i;t)\\H^<C, W 

where we have used the following Sobolev inequalities for radially symmetric functions 
defined m f]' = {x G R"; |a;| > a > 0}; ||Vp||l- < c||Vp||jji, ||Vu||loo < c||Vu||j/i. 
From (*) and a direct calculation, we get 

\\{p^p'^)\\h'^ < c. 

(m) For the case a > and 7 different from that in f21f . it is interesting to 
investigate the existence of global spherically symmetric strong solutions or spherically 
symmetric classical solutions. We leave it as a forthcoming paper. 

Lemma 2.2. For any <t <T, it holds 

I / m 2 , m — 2 2\ I / m 2 ^ 

{r u^t+r Ut)+ r pUf^ < c. 

J I JQt 
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Proof. From (|1.4p . we get 

(TflU \ 
Ur H + pf. (2.1) 
T / r 

Differentiating (|2.ip with respect to t, we have 

pUu + PtUt+ PtUUr + pUtUr + pUUrt+ip'')rt = Urrt+mr^^ (rUrt-Ut) + Ptf + pft- (2.2) 



Multiplying (j2.2p by r'^Uu, integrating over /, and using integration by parts, Lemma 
12.11 and Cauchy inequality, we have 

1 d 



^"(Pt/ + Pft)utt - J r"^[PtUt + PtUUr + pUtUr + pUUrt + (p'^)rt]Mtt 

< - / r™ptutwtt - / r'^iptuur - Ptf)utt + c / r^pu^ + 1 / r^pw^^ + c / r™u 



where we have used Lemma 12.11 and the following inequality found in [4] : 



sup \u{r, t)\ <c 

a<r<b 



{r"'uf. + mr"'-'u'){r,t)dr 



and the one-dimensional Sobolev inequality: 



sup \>f{r)\ < c\\ip\\Hi{i)- 

a<r<b 



, for u{a,t) = 0, (2.3) 



(2.4) 



Thus 

1 
2 



m 2 I ( m 'Z . rn — 'Z'Z\ 



1 d 



m„,2 



„m-2„,2N 



2dt J J 

<- / r^^MtUtt- / r^'iptuur- ptf)utt- t {p^'Uutt + c [ r'^ul, + c J^r'" ff + c 



d 

It J I 



1 



+ / r'^-iPttUUr + PtUtUr + PtUUrt - Pttf - Ptft)ut - I r"\p^ ) rtUu + c I r"^u^ 



+c / r-Zf + c 



< 



dt J I 



r"'ptuf + r'^-iftUUr - ptf)ut 



+c\\ut\\U / r"\pi +ui) + c\\ut\\i 



(r"Vu),tti^ + c||ui|U~ r"(p^,+u^u^) 



+ t^^pI^ + r + pt + ft) - r^^p-'Uuu + c r"^ui, + c ft + c. 
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where we have used (jl.4[) i . (j2.3p . Cauchy inequahty, Holder inequality and Lemma l^TTl 
Using (12.31) . Cauchy inequality, Lemma \TT\ again, along with (12. 4p and integration by 
parts, we further obtain 

l/m 2,1'^ /'/m2 I m-2 2\ 



< 



d 

diJi 

+c 



1 



r"'ptui + r'^-iftuur - ptf)ut 



+ / r"\put + ptu)utUrt 



T^ip-'UUU+C / T^ft + C 

I J I 



< 



dt J J 



r"'ptuf + r'^'iptUUr ~ ptf)ut 



+ cl^r^-{p'ut + pWul) 



+c j {r''''u',t + mr"'~'uf ) 

d f n 



r"\pl + ft) + l 



l^r^''{p'')rtuu + c J^r"^{pl + ff) + c 



dt J J 



r'^ptuf + r'^iptUUr - pt f )ut 



+ c\\ut\\U ( l^r"^Put+ j^r^pi 



+c j {r"'uf.t + mr"'~'uf) 



r^{pl + ff) + l 



- l^r^^p-'Uuu + c jj^{pi, + ft) + c 



< 



dt Jj 



-r'^ptul + r'^iptUUr - pt f )ut 



r"^{pl + ff) + l 



r^ip-'Uuu + c / T^{pt^ + ft) + c. 
I Ji 



Integrating the above inequality over (0, i), we have 



1 



1 



Jo Ji ^ Ji 



< 



^^r'^'ptu'l + r'^iptUUr - Ptf )ut 



r'^ip^Uutt + c 



c I J {r'^uit + mr"'-^uf) 



r'^ipl + m + l 





r^^p-^Uutt + c, 

Ji 



where we have used (|1.4P i . (|1.8p . (|2.3p . Lemma [2.1[ Cauchy inequality and the fol- 
lowing equalities: 



Ut|t=0 = Po ^ (iuo + /9of(0) - VP{pq) - poUo • Vuo) 
= gi - Uq • Vuo e dJ. 
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Using integration by parts, (|2.3p . (|2.4p . Holder inequality, Cauchy inequality and 
Lemma l2.ll we obtain 



+ c / / (r™< + mr"-^^.^) / r™(p^, + ff) 





< ~ I r pUUtUrt + c 
'0 Ji 

Therefore, 



Ji ^ Ji 

<cf( [r-^ul, + mr^-'u^,) f r^{pl + f,) - /V r^{p^)rtUu + c. 
Jo J/ J/ Jo J/ 

We shall handle the second integral of the right hand side of the above inequality. 
Using integration by parts twice formally (firstly with respect to t and then with 
respect to r), we have 



JI 



< f r"'ip'>)turt + m f r"'-^{p'>),ut- f I r'^ip-'^tUrt 
J I J I Jo Ji 

-m r / r"'-'{p'<)ttut + c 



1 



Ji 



4 J I 

Rigorously, this process can be done by the usual method (mollification+taking lim- 
its). More precisely, we can take place of {p'')t by Je * {p'^)t, and then take limits 
e — > 0+, where Je(-) = ■^J{-); J(-) is the usual moUifier in R^; (p^)t is an extension 
of (/0^)t w.r.t. t, defined as follows 

(p^)t(O), if ie[-l,0], 



(*2) 



{p-^)t{T), if te[T,r+i]. 

Substituting (*2) into and using Gronwall inequality, we get 



Qt Ji 



The proof of Lemma 12.21 is complete 



□ 
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Lemma 2.3. For any <t <T, it holds 



r"'ul„ < c. 



I 



Proof. Differentiating ()2.ip with respect to r, we get 



2 , ^> mUrr 2m{rur ~ u) 
Urrr = Pr^t + pUrt + PrUUr + pu^, + pUUrr + [p'jrr \ 3 Pr J — PJr- 

(2.5) 

By (113]), (1231), (Ell) and Lemma O we obtain 

< c / ir"^ul, + mr^'^-^f) + c [ r"|(p^)„|2 + c / r™(/2 + f^) + c 
I Ji Ji Ji 

< c. 

The proof of Lemma l2.3l is complete. □ 
Lemma 2.4. For any <t <T, it holds 

I JQt 

Proof. By (H^]), Lemma EH and Lemma we get 

m 2 ^ I m 2 2 , I m 2 2 , I m 2 2 2 , I m 2 2 2 

r u„t<c r p^Ut+c r p u^^ + c r p^u + c r p u^u., 

Qt JQt JQt JQt JQt 

+c [ r'^p^u^ul. + c [ r"|(p^)rt|2 + c / (r"^^, + mr"-^^^) 

JQt JQt JQt 

+cf r"^{plf + p'f^) 

JQt 

< c. 

Muhiplying (|L4P i by jp^^^^^we get 

{p'^)t + lP~'ur + [p^)rU + m'yr~^ p~' u = 0. (2-6) 
(113)1, (ESI), (123), (123), Lemma [211] and Lemma |22] imply 

■r™(p?, + |(p>n<c. 

This proves Lemma [2.41 □ 
To sum up, we get 

||(p,p^)||^. + |l(pt,(p^)0lki + ||(pu,(p^)tt)IU2 <c, p>-, (2.7) 

c 

and 



r'"(M^t + r ■'u^ + <„ + <^ + M^ + r ^u^)+ / r™(pu^t + u^^J < c, (2.8) 
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By (^771) and (1^ . we complete the proof of Theorem □ 
Proof of Theorem 11.11 

Let b < oo, and denote Pq — po + S, for S G (0, 1), we have 

p'o^po, m H^{I), (2.9) 

{ptr^pl in H^I). (2.10) 
Let Uq be the unique solution to the equation: 

[(Por]. = Po[5i-/(0)], in/, (2.11) 

[(Po)1r- = Po [51-/(0)], in/, (2.12) 
for uo\gi ^ 0. 

From (|2.9p - (|2.12p and the standard elliptic estimates, we obtain 

u^o^uo, in /r^(/), as 6^0. (2.13) 
Consider ()1.4p - (|1.6p with initial-boundary data replaced by 
ip',u%=o^ipi4), in /, 

and 

u^loi = 0, for t > 0. 

Then we get a unique solution (p*, u^) for each (5 > by Theorem 12. II 

Following the estimates in the proofs of Theorem 12. 1[ we can also get (12. 7|) and 
(|2.8p with {p,u) replaced by {p^,u^). Since b < oo and a > 0, it follows from (|2.7p 
and (EH) that 

||(p^ (p^)'')|U.(z) + |l(p?, ((/)^)t)IU.(/) + UpL iip'rMWmi) < c, (2.14) 

and 

p' > -, ||«.(,) + Wu'Wh^j^ + I {pW + \4rt?) < c{b). (2.15) 

Based on the estimates in (j2.14p and (|2.15l) . we get a solution (p, u) to (|1.4p - p.6p 
after taking the limit (5^-0 (take the subsequence if necessary), satisfying 

(p, ) e ( [0, T] ; /r2 (/) ) , (pt , (p^ ) t ) e ( [0, T] ; /ri (/) ) , 
(p„,(p^)«)eL-([0,T];L2(/)), p>o, (put)tei2([o,r];L2(/)), (2.16) 

e L-([0, T]; //3(/) n //!(/)), e i°°([0, r]; /fi(/)) n ^^([o, T];HHI)). 



*0r 



for ligia/ = 0. (|LS|) implies 



("Or H jr 
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Sinceu e L°°{[0,T]; H^{I)) and e L°°([0, T]; thenwegetu e C{[0,T]; H^{I)) 

(refer to [?])■ By (|1.4P i . (12.61) and similar arguments as in [H[S], we get 

peC{[0,T];H^{I)), pteC{[0,T];H\l)), (2.17) 

and 

e C([0,r];i/2(/))^ (p7)^ e C([0,T];i/i(/)). (2.18) 
Denote G = (ur + ^ - p'')r + pf- By ([H]) and dUS]), we have 
G = put + puur e L2([0,r]; ij2(/)), 

Gt = (put + puur)t e L2([o, T]; L2(/)). 

By the embedding theorem ([75), we have Ge G([0, T]; i7i(/)). Since p/ e G([0, T]; i?i(/)), 
we get 



(ur + pA eC{[0,nH\l)). 

\ T / r 



This means 

ur+'-^- p' eC{[Q,T]-H\l)). (2.19) 
By (|2l8l) and (f2A9| . we get 

y,. + !!^eC'([0,T];ij2). 
r 

This together with w e G([0, T]; ij2(/)) imphes 

^.eG([0,r];ij3(/)). (2.20) 
(101) 9. (I^Tfl) . dTTSl) and (1^:^ give 

(HtG^^([0,T];Fi(/)). (2.21) 

Denote 

p(x,i) = p(r,t), u(x,t) - u(r,0-. (2.22) 

r 

It follows from (PT^ - (PT^ and ([2201) -(ESS, we complete the proof of Theorem [TT] 
for h < oo. For & = oo, we can use the similar methods as in [5] together with the 
estimates (|2.7p and (|2.8p uniform for 6 to get it. We omit details here for simplicity. 

□ 

3. Proof of Theorem 11.21 Similar to the proof of Theorem ll.il we need the 
following auxiliary theorem. 

Theorem 3.1. Consider the same assumptions as in Theorem \1.2l and in addi- 
tion assume that po > S > and b < oo. Then for any T > 0, there exists a unique 
global classical solution {p,u) to ^1.4^ - (T7E\) satisfying 

peC{[0,T];H'{I)), p>-, 7.eG([0,r];i/5(/)ni/i(/))ni2([o,r];ij6(/)), 

c 
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e C( [0, T] ; 3 (/) n 1 (/) ) n L2 ( [0, T] ; if 4 (/) ) , 
uu e C{[Q,T]■,Hl{I))C^LW{),T]■H\I)), utu e L\[0,T];L\I)). 

The proof of local existence of the solutions as in Theorem 13.11 can be done by the 
successive approximations as in [S] and references therein, together with the estimates 
in Section 3 for higher order derivatives of the solutions. We omit it here for brevity. 
Therefore, Theorem 13.11 can be proved by some a priori estimates globally in time. 
Since (|2.7I) and (12.81) are also valid here, we need some other a priori estimates about 
higher order derivatives of (p, u) . The generic positive constant c may depend on the 
initial data presented in Theorem 11.21 and other known constants but independent of 
S and b. 

Lemma 3.1. For any <t <T, it holds 

r^[plrr+Plrt + \{p'')rrr? + \{p')rrt?] + / T^IpIu + \{p')rU? + U^^] < C. 



Proof. Taking derivative of order three on both sides of (|1.4p i with respect to r, 
multiplying it by r"^ prrr, and integrating by parts over /, we have 



2di 



oil / ^"'Plrr^ I r-'Prrr 



-1 o -1 Q -1 , impur 
— mr pUrrr — omr p^Urr — omr PrrUr H ^ — 



6mpUj. 1 imprrU 6mpj.Uj. 6mpj.u Qmpu 

^ mr PrrrU H 5 1 5 ^ \ 7 AprrrUr — QprrUr 



-AprUr 



^ r"^ pl^j.Ur + - I mr"^ ^ p1„.U — I r'" pPrrrUrrrr- 



2 J I 2 

By Sobolev inequality, ((Ol) . (1^ . ([^ and Cauchy inequality, we get 

d 



dt J J 

Similarly to p.ip . we get from (|2.6 



r'^ptrr < c / r"p„^ + c / r^u^^ + c. (3.1) 



^ j^r^\{p')rrr\' < C J niP^rrr]' + C jr^ui„, + C. (3.2) 

By dSj]) and we have 

^J^r^ipl^^ + |(p^)„,n < cj^r"\pl„ + \{p%„\') + c j^r^ul„, + c. (3.3) 
Differentiating (|2.5p with respect to r, we have 

Urrrr = PrrUt + ^p^Urt + pUrrt + {prUUr + pU^ + pUUrr)r + {p'^)rrr ~ mr~^Urrr 

+ 3mr^'^Urr — 6mr^^Ur H r Prrf — 2prfr ~ pfrr- (3-4) 



From (|33|, UM, (EH), UJi and (|23]), we obtain 

r'^'ul,, < r'"|(p^)„,|2 + cj^r"'pul, + c / r",^ + c. (3.5) 
By (03]), (ESI), (EH) and we get 



- j^r^{pi.„ + \{pr),rrV)<c j r^-{pl„ + \{p'\„\') + c / r'"^.;;,, + c / r^/^ + c. 
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By Gronwall inequality and (|2.8p . we obtain 

7'"(pL.+i(p^wn<c. 

It follows from (EH), (HU, ^ and ^ that 



Qt 

The proof of Lemma [3. II is complete. 

Lemma 3.2. For any T > 0, we have 



II(Vp)'-IU-(Qt) + ll(%/p)tlU°=(QT) < c. 



Proof. Multiplying (11.4^ 1 by , we have 

2Vp 



7TiT 1 



Differentiating p.7p with respect to r, we get 



-\fpUr 



(VPjrt + - 2 w r/. " . 2 

Denote ft. = i^/p)r, we have 



mr 3 
ht + hrU + n( — - — u + —Uj. 



rriy/pu 3 



2r2 



mJJ>u 1 

-^U^ ^-5- + -VPWrr = 0, 



which implies 



— < /lexp 



(^— U + y), T)dT 



^yfpUr 



X exp 



2r2 

mr^^u 3ur , , , , , , 
2 + — ) v(t, 2/), T)dT 



where r{t, y) satisfies 



'^ = u{r{t,y),t), 0<t<s, 
r{s,y) = y. 



Integrating p.Sp over (0,s), we get 



h{y, s) = exp 



S — 1 



2 +Yj W^'2^)'^)'^^)'^(^(0,y),0) 

.^pUr ^Urr 



X exp 



2r2 



2 + — ) (''(^'>y)>^)c^T 
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This together with (gS]), (gH), (H^]) and (E^ imphes 

ll(VP)rlU-(QT) <c. (3.9) 
From dSJ]), dSH), (ES]), (EH), (EH) and (EH), we get 

ll(\/p)t||L~(QT) < C- 

The proof of Lemma 13.21 is complete. □ 
Lemma 3.3. For any <t <T, it holds 

I JQt 

Proof. Differentiating (j2.2l) with respect to t, multiplying it by r^'p'^uu, and inte- 
grating by parts over /, we have 



1 d 

2Jt Jj 
1 
2 



m 3 2 I / m 2 2 , 7n-2 2 2 \ 

PttUt + PttUUr + 2ptUtUr + 2ptUUrt + pUttUr 



+ 2pUtUrt + pUUrtt + {p^)rtt - 2 J r""" pPrUttUrtt + J r"^ P Utt{puf + 'iptft + pftt) 

< cj^r^pul + ^J^r"^p^ul,,+cJnip''U\'-^J^r"^pUruyrpuu{Vp)r 



+cj^r^-{plf+py-i + p^fl) + 



c 



< c 1^ r-^pul + i ^ r-^p'uj,, +cJn{p''U\' + r"^P^ul,, + ^ r^ fl + c, 



where we have used (|2.3[) . (|2.4p . (|2.7p . (|2.8p . Lemma [3.21 and Cauchy inequality. 
Thus, 



< c r^pul + c r^\{p''U? + + c. (3.10) 

Integrating (|3.10p over (0,t), and using (|2.8p and Lemma [XTl we get 



r"V^<(i) + / / (r™p^<,, + mr^-'p'ut,) < / r'>^z.^,(0) + c. (3.11) 
/ Jo Ji Ji 

By (EH), (EH, CH and ^p^^g^ ^2^ j^^^^g 

jr"^pW,M<c. (3.12) 

([3TT|) and ([31^ give 

r putt+ (r pu^tt + r p Utt) < c. (3.13) 
/ JQt 
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By (I22I), Cauchy inequality, ([13]), ([211), ^Hi, (EH and (IXTO)) . we have 

/ J/ Ji Ji Ji 

+c jr-^p^'u'ul^ + c jr^p\{p^)rt\'' + c j^r^'-^pul, + c j ^r^-^ pu^ 

m „„2 f2 I „ / rn „3 f2 



+c jr^pptr + c j^r^'^p'ft 
< c. (3.14) 
Differentiating (|2.2p with respect to r, we get 



Urrrt — PrtUt + 'i'{\fp)r \fpUtt + ptMrt + pUrtt + PrtUUr + PrUfUr + PrUUrt + PtU^ 
+ 2pUrUrt + PtUUrr + pUfUrr + pUUrrt + {p'^)rrt — ITir^^Urrt + 2mr~'^Urt 

^ P''*-!' ^ P^f'' ^ P^'^t - pfrt- (3.15) 

By ([3J31) . ([XT5|) . (123]), (1231), (1231), (1231, LemmaOand Lenima[331 we have 



p.Sp . p. 141) and Lemma [23] immediately give 



1^ t-lf jw^-'pY^ C" 

The proof of Lemma [3.31 is complete. □ 
Lemma 3.4. For any <t <T, it holds 

r"'[Prrrr + Kp'')rrrr\^] + [ < C. 

I JQt 

Proof. Differentiating (|1.4p i four times with respect to r, we get 

_l A -1 G-l AmpUrrr 12mpUrr l&mpUr 

_i _i AmprrrU 12mprUrr 12mprrUr 2'imprUr 

+Amr PrrrUr + Tlir Prrrr-U ' 



12mprrU GmpUr 2'imprU 24mpu 

H ^ ~t~ g ~t~ pUj.^j'j'j' hprUrrrr 

~\ 1 p j^UL J* 'p 'p I 1 P'p'f 'p'iJif'p I ^ p J* f^UL I pipipj'-'p'p^U, — ^3-1 ^ 

Multiplying (I3.16P by r"^prrrr, integrating over /, and using integration by parts, 
(1231), (1231), (1231), (1231), LemmaO LemmaO we get 

7 / ^ Pj^ipir-ip C j Pv<Y"r"Y' I C I f Hi J, J, J, I C. f3.17^ 

Similarly, we have 



^ ^" I {p'Urr? < C ^ ^" I (P'')rrrr P + C r^ul„„ + C. (3.18) 
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By (PTT)) and (|XT5)) . we obtain 



d_ 

dt 



r"\pl„ + \{p-^)rrrr?)<C (p^^ + |(p7)_^ 1 2) + ^ / ^™„2^_ + c. (3.19) 

/ J I J I 



Now we estimate r"^u1„„. Differentiating \?>A\ with respect to r, we have 

-1 ^ -2 r,^ -4 24mu 
— mr u^rrr + 4mr — \2mr tL„. + 24mr g — 

Prrrf '^Prrfr '^Prfrr Pfrrr- (3.20) 

It follows from (jX^ . (lO)) . dUT]), (g^, Lemma lO and Lemma that 

r'^ul„„<c f r"^plul,^ + c f r'^p'ul^^ + c /r™|(p^)„„|2 
/ Ji Ji Ji 

+c ^ (/2 + + fl^) + c. (3.21) 

Since 

''r^ylul, = A [ r>|(V;5).|V.f 



This together with <\2.7^ . (|2.8p . Lemma 13^ and Lemma [3T3l gives 

r"^ul„„<c f r^^p^ul,, + c f r"|(p^)„„p+c / r"(/2 + /2, + /^^J + c (3.22) 

7 Jl JI JI 

Substituting into (151^ . we obtain 

|y^r"(p2_ + |(p7)_|2) 

< cj^r^{pl„ + |(p^)..„n + cj^r^^ul„, + c^r™(/2 + /^^ + /^^J + c. 



Using Gronwall inequality and Lemma 13731 we get 

^r^{pl„ + \{p-^)rrrr\^)<C. (3.23) 

It follows from KT2\ . ([SlM]) and Lemma [3?3l that 

r™M^ < c. 

Qt 

This proves Lemma 13.41 □ 
From 113)1, (1231), (EH), (I2H), (1121), dl^ and Lemmas OiH we immediately 

get the following estimate. 

Lemma 3.5. For any <t <T, it holds 

r"'[plu+\ip''U\'+plrrt+\ip'')rrrt\'] 

I 
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Lemma 3.6. For any <t <T, it holds 

{r^p^ul,, + T-^-^p^ul) + / r-^p^ul, < c. 



I 



Proof. Differentiating (j2.2p with respect to t, multiplying it by r™'p'^uttt, and inte- 
grating by parts over /, we have 



= 2 y r'^^p^ptul^^ - 4 y r"^ p^ PrUrttUttt - j r"^p'^Uttt PttUt + 2ptUu + PttUUr + 2ptUtUr 
+ 2ptUUrt + pUttUr + 2pUtUrt + pUUrtt + {P^)rtt + j ^"^"" '^P^Pt^tt 

+ j^r^'p^uut[puf + 2ptft + pftt) 

< cj^r^p'ul,, -sJ^r^^piutttpiVpUrtt + r"^p'ul, + c + c J^r"\f + + /2) 

< c y r-^p^l,, + i y r^p'ul, + cjr-^{f + + f^,) + c, 

where we have used (|2.3p . (|2.4p . <\2.7^ . p.Sp . Lemma |3^ Lemma |3^ Lemma [331 and 
Cauchy inequality. 
Thus, 

r-^p^ul, + j I {r^-p^ul,, + mr^-^p^ul) < c [ r"^p^ul,, + c f r"^{f + + fl) + c. 

/ 'J I 'J I 'J I 

By ([H]), ([23) and poV^gi e we have 

m52 I I / m i 2 . m — 2 4 2 \ ^ 

r P Mitt + [r P u^tt + r P Wtt) < c. 
J/ 

The proof of Lemma 13.61 is complete. □ 
Lemma 3.7. For any <t <T, it holds 



/ JQt 

Proof. From ((3l5)) . ((23)) . ([lH), dlHl), dH]), Lemmas OESl and Lemma |3H we get 

/ J/ 
< c. 

This combining p.22p and Lemma [5^ gives 

r"'\d^u\'^ < c. 
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By (1221), (1231), (1231), (123), (123), Lemmainill LemniaE3]and LemmalMl we get 



JQt 

< c. 



Differentiating p.lSp with respect to r, we have 

Urrrrt = RrrtUt + 2prtUrt + PrrUtt + 2prUrtt + RtUrrt + PUrrtt + 



(3.24) 



PrtUUr + PrUtUr 



+PrUUrt + Ptul + 2pUrUrt + PtUUrr + pUfUrr + pUUrrt + {P^)rrt 



-1 r. -2 2mut 
—mr Urrt + 2mr Urt ^ — 



Prrtf — ^Prtfr — Prr ft — Ptfrr (3.25) 

I - J r 
— 2prfrt — Pfrrt- 

By ((3:241) . dSjSl), (123), (123), (123, (123, Lemmas [SmSSl and Lemma[3H we obtain 



Qt 



r"'pu'„„t < c / r"'p''\{y^)r\ Ku + c / r^p^u^^^, 

Jqt Jqt 

+c [ r'"(/,2,, + /2, + /2,,) + c 

< C. 



The proof of Lemma [3.71 is complete. 

Lemma 3.8. For any <t <T, it holds 



□ 



I JQt 



Proof. Differentiating p.l6p with respect to r, we obtain 

d^Pt + mr^^ pUrrrrr + mr~^ PrUrrrr — mr^^ pUrrrr + (^4:mr~^ PrUrrr + Qmr~^ p„U, 

AmpUrrr 12mpUrr ISmpUr , _l \ _l _l 

' + 4mr Prrr-Ur I + f7?,r Prrrrr-U + mr 

/ r 



r" 

5mprrrrU 'imprrrUr SmprrrU 



12mprrU QmpUr 2AmprU 24mpu 



12mprUrr 12mprrUr 24,mprUr 



+ 20prrrUrrr + IbprrrrUrr + Qd^ pUr + Ul9^P = 



+ Gprd^U + pd^U + IbprrUr 



(3.26) 



Multiplying by r'^d^p, and using ([23, (E3, (113, (EH), Lemma im Lemma 

Lemma 13.41 and Lemma 13.71 we have 



J^r"'\9rP\^ < cj^r^'ld^pl^ + cj^r'^ldf-^^ 



u\'+ I r"\\d'^p\%u + c 



<c J r"|9>|^ + c J r'"|9>|^ + c. 



Similarly, we get 



-J r"|a,5(pT)|2 < c J r'"|c',5(pT)|2 + c J r"|96u|2 + c. 



(3.27) 



(3.28) 



COMPRESSIBLE NAVIER-STOKES EQUATIONS 



19 



Differentiating (|3.20p with respect to r, we get 

d^^U — Pfj^fj^U-f^ I ^Pff^ipUjiff^ I ^Pf'plX'pff^ I ^ p j^lAi J- ff -f^ I pUj f f -f^ I (^PfUjUjj^ I pUi^, I pUjUj f f J- f 

/ 24?7iii\ 
(P*^) + ( ~'mr~^Urrrr + 4mr~^iir^^ — 12mr~^Wy>,. + 2AmT~^Ur ^ — ) 

V /r 
Prrrrf Ap^j^j-fj- ~ Qp'prfj-j- Api^fj-y^i^ — pfrrrr- (3.29) 

dSSSl), (EH), (1231), dalZl), (EH), Lemma EH Lemma ESI Lemma El] and Lemma EJl 
imply 



+c / r" + + + c. (3.30) 



It follows from ((3?27)) . ((3:28)) . ((330)) . (EH), Lemma [331 Lemma [3Jl and Gronwall 
inequality that 

j^r"^[\d',p\^ + \dl{p'^)\^]<c. (3.31) 
From dSSni), ([33T1) . (EH, Lemma lO and Lemma EJl we obtain 

r'^I^^Mp < c. 

Qt 

The proof of Lemma 13.81 is complete. □ 
It follows from mil, (EH: (EH, (EH and Lemmas EUSH that 

ll(P,P^)lk,^ + ll(Pt,(P^)*)lk? + ll((VPV,(VP)*)IU~(QT) <c, P> ^, (3.32) 

and 



,2 |2|2|— 2 2\i / nw 2, 22 I 52 I 32 , 2 

JQt 

+ulrt + y-lrrt + I^NP) < C (3.33) 

By p.32p and p.33p , we complete the proof of Theorem 13.11 □ 
Proof of Theorem [TT2l 

Since p.32p and p.33p are uniform for b and (5, it suffices to prove Theorem 11.21 
for the case h < oo. We follow the strategy as the proof of Theorem 11.11 and use 
Theorem 13.11 After taking (5 — > (take subsequence if necessary), we get a solution 
{p,u) of ([TTi| - p^ satisfying 

r (p, p-^) e L-([0, T]-H\I)), ((Vp)., (VP)t) e L°-{Qt), 

I (p*,(p^)0ei-([0,T];ff4(/)), 7.eL-([0,r];ij5(/))nL2([o,r];iJ«(/)), 

]zi,ei-([0,T];i7i(/))ni^([0,T];i73(/)), ^- > 

[{^p^luuP^lu^)eL^{[0,nL\I))C^L\[{),T]■H\I)). 
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It follows from u e L°°{[0,T]; H^{I))nL^i[0,T]; H^{I)), Ut G L'^{[0,T]; H^{I)), (iLill i. 
(|2.6p and the similar arguments as [31 3] that 

p,p'' eC{[0,T];H%I)). 

Denote p{:x.,t) = p{r,t), u(x, t) — u{r,t)^, then (p, u) is the unique solution to 
(|l.ip - (|1.3p with the regularities in Theorem ll.2l The proof of Theorem ll.2l is complete. 

□ 

Remark 3.1. By our method, it seems that the regularities of u could not be 
improved to L°°([0, T]; ^^(f^)) and L^qq, T]; even if the initial data, f and 

gi of (|l.l[) - (|1.3p are smooth enough. More precisely, based on (|3.32p and (|3.33p . by 
using similar arguments as in the proofs of Theorem 1.1 and 1.2, we get the next two 
a priori estimates about u for (|1.4p - (|1.6l) . 

/ r"p^4, + / r-^p'^iul,,, + r-^ul,) < c, (3.35) 

Jl JQt 

and 

/ r"V«(K^,,, + r-2«L) + / r^p'ulu < c. (3.36) 

J I JQt 

p.35p and (|3.36p respectively implies 

[ r"'p\dfu\^ + [ r™|9ju|2<c, (3.37) 

J I JQt 

and 

[ r"'p^\dj.u\^ + [ r"p|9^«u|2 < c. (3.38) 

J I JQt 

But the appearance of vacuum stops us from obtaining the regularities of u in L°°{[0, T]; 
and i^([0, T];D^{n)) from (|3?37| and (|3?38| . Is there another way to get further reg- 
ularities of the solutions, such as L°°{[Q, T]; 13^ (fi))— regularity? This is an interesting 
problem. 

Acknowledgment. 

The authors would like to thank the anonymous referees for their constructive sugges- 
tions and kindly comments. S.J. Ding was supported by the National Basic Research Pro- 
gram of China (973 Program) (No.2011CB808002), the National Natural Science Foundation 
of China (No. 11071086), and the University Special Research Foundation for Ph.D Program 
(No. 20104407110002). L. Yao was supported by the National Natural Science Foundation of 
China #11101331 and China Postdoctoral Science Foundation funded project #20100481359, 
#201104676. C.J. Zhu was supported by the National Natural Science Foundation of China 
#10625105, #11071093, the PhD specialized grant of the Ministry of Education of China 
#20100144110001, and the Special Fund for Basic Scientific Research of Central Colleges 
#CCNU10C01001. 



REFERENCES 



COMPRESSIBLE NAVIER-STOKES EQUATIONS 



21 



[1] H. Beirao da Veiga, Long time behavior for one- dimensional motion of a general barotropic 
viscous fluid. Arch. Rational Mech. Anal., 108(1989), 141-160. 

[2] H.J. Choe, H. Kim, Strong solutions of the Navier-Stokes equations for isentropic compressible 
fluids. J. Differential Equations, 190(2003), 504-523. 

[3] Y. Clio, H.J. Choc, H. Kim, Unique solvability of the initial boundary value problems for 
compressible viscous fluids. J. Math. Pures Appl., 83(2004), 243-275. 

[4] H.J. Choc, H. Kim, Global existence of the radially symmetric solutions of the Navier-Stokes 
equations for the isentropic compressible fluids. Math. Methods Appl. Sci., 28(2005), 1-28. 

[5] Y. Cho, H. Kim, On classical solutions of the coinpressible Navier-Stokes equations with non- 
negative initial densities. Manuscripta Math.. 120(2006). 91-129. 

[6] S.J. Ding, H.Y. Wen, C.J. Zhu, Global classical large solutions of ID compressible Navier- 
Stokes equations with density- dependent viscosity and vacuum. J. Differential Equations, 
251(2011), 1696-1725. 

[7] L.C. Evans, Partial Differential Equations, Graduate Studies in Mathematics, Vol. 19, 1998. 
[8] J.S. Fan, S. Jiang, G.X. Ni, Uniform boundedness of the radially symmetric solutions of the 

Navier-Stokes equations for isentropic compressible fluids. Osaka J. Math., 46(2009), 863- 

876. 

[9] E. Feireisl, A. Novotny, H. Petzeltovd, On the existence of globally defined weak solutions to 

the Navier-Stokes equations. J. Math. Fluid Mech., 3(2001), 358-392. 
[10] CP. Galdi, An Introduction to the Mathematical Theory of the Navier-Stokes Equations, 

Springer- Vcrlag, New York, 1994. 
[11] D. Hoff, Spherically symmetric solutions of the Navier-Stokes equations for compressible, 

isothermal flow with large, discontinuous initial data. Indiana Univ. Math. J., 41(1992), 

1225-1302. 

[12] S. Jiang, Global spherically symmetric solutions to the equations of a viscous polytropic ideal 
gas in an exterior domain. Comm. Math. Phys., 178(1996), 339-374. 

[13] S. Jiang, P. Zhang, On spherically symmetric solutions of the compressible isentropic Navier- 
Stokes equations. Comm. Math. Phys., 215(2001), 559-581. 

[14] B. Kawohl, Global existence of large solutions to initial- boundary value problems for a viscous, 
heat-conducting, one- dimensional real gas. J. Differential Equations, 58(1985), 76-103. 

[15] A.V. Kaahikhov, Stabilization of solutions of an initial-boundary-value problem for the equa- 
tions of motion of a barotropic viscous fluid. Differ. Equ., 15(1979), 463-467. 

[16] P.L. Lions, Mathematical Topics in Fluid Dynamics, Vol. 2, Compressible Models, Oxford 
Science Publication, Oxford, 1998. 

[17] A. Matsumura, T. Nishida, The initial value problem for the equations of motion of viscous 
and heat- conductive gases. J. Math. Kyoto Univ., 20(1980), 67-104. 

[18] A. Matsumura, T. Nishida, Initial-boundary value problems for the equations of motion of 
compressible viscous and heat-conductive fluids. Comm. Math. Phys., 89(1983), 445-464. 

[19] R. Salvi, I. Straskraba. Global existence for viscous compressible fluids and their behavior as 
t^oo. J. Fac. Sci. Univ. Tokyo Sect. lA Math., 40(1993), 17-51. 

[20] A. Tani, On the first initial-boundary value problem of compressible viscous fluid motion. Publ. 
Res. Inst. Math. Sci. Kyoto Univ., 13(1977), 193-253. 

[21] V.A. Weigant, Example of non-existence in the large for the problem of the existence of so- 
lutions of Navier-Stokes equations for compressible viscous barotropic fluids. Dokl. Akad. 
Nauk., 339(1994), 155-156, in Russian. 

[22] Z.P. Xin, Blowup of smooth solutions to the compressible Navier-Stokes equation with compact 
density. Comm. Pure Appl. Math., 51(1998), 229-240. 



